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Introduction

P REDICTION of the detailed behavior of confined
swirling flows is of great importance in improving the

performance of gas turbine combustors and cyclone chambers.
The objective of the present work was to systematically assess
the applicability of the standard k-e turbulence model and one
of its variations to predict decaying swirl in developing turbu-
lent pipe flow. This particular flowfield was selected to mini-
mize numerical diffusion, thus allowing assessment of the
physical model. The experimental study of Weske and Sturov,1
which provides detailed inlet measurements for the axial and
tangential velocity profiles, and turbulence kinetic energy, was
chosen for comparison purposes.

Computational Technique
The present work utilizes the SIMPLE procedure of

Patankar.2 The elliptic equations governing this problem are
of the general form

dr (1)

where U and V represent the time-averaged velocities in the
axial (z) and radial (r) directions, respectively. Because of
space limitations, the various transport equations are not listed
here, but can be found in Ref. 3. The standard k-e turbulence
model used for the present computations was suggested by
Launder and Spalding.4 Abujelala and Lilley5 recently pro-
posed adjusting three constants in the k-e model when applied
to confined swirling flows. The new values were determined by
minimizing the difference between computations and turbu-
lence measurements in a flow configuration involving a
swirling jet discharging into a sudden expansion. The recom-
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mended constants were

CM - 0.125, C2 = 1.5942, a€ = 1.1949 (2)

which differ from the "standard" constants4

C, = 0.09, C2=1.92, ae=1.22 (3)

A schematic of the geometry of swirling flow in a pipe is
shown in Fig. 1. The boundary conditions imposed were those
of standard practice in numerical computations. At the outlet
station, which was placed 160 pipe diameters downstream of
the inlet plane, the flow was assumed to be fully developed.
The radial velocity and normal gradients of other variables
were set to zero at the symmetry axis. Standard log-law wall
functions were used for the next-to-the-wall grid points.4 The
study of Weske and Sturov1 (Re = UmD/v = 3 x 105) pro-
vided detailed inlet measurements for (/, W, and k, which
were used as boundary conditions for the computations. The
variation of e at the inlet plane was set to kl5/(Q.QlR). The
swirl number at the inlet plane was determined from

S = $(Wr)pU2irrdr/R$UpU2irrdr (4)

and the measured values of U and W.
The extent and dominance of numerical diffusions for this

geometry was assessed in Refs. 3 and 6. A 24 x 25 grid, which
accommodated both memory-size limitations and tolerable
numerical diffusion, was chosen for final production runs.
Expanding grids were employed in the streamwise direction
and away from the wall. Staggered control volumes were used
for the axial and radial velocity components. All other quanti-
ties of interest, including the tangential velocity component,
were computed at the grid points. The finite-difference forms
of the time-averaged transport equations were obtained by
adopting a semi-integral approach to discretize the equations
over each control volume of the computational grid by using
a hybrid-difference scheme. The line-by-line method was used
to obtain converged solutions iteratively, whereas relaxation
factors were employed to promote stability of the process.
These factors were 0.3, 0.2, 0.45, 0.8, and 0.8 for U, V9 W,
k, and e, respectively. Other details of the computational
method and convergence characteristics can be found in Refs.
3 and 6.

Results and Discussion
Comparison of the computed and measured axial velocity

component is presented in Fig. 2 for S = 1.445. The measured
inlet profile for the U velocity (z/D = 0.35) is seen in Fig. 2
and, undoubtedly, is very different from a uniform profile.
Two sets of computations are presented, with the solid line
representing the standard k-e model and the dashed line repre-
senting the modified k-e of Ref. 5. In general, the agreement
of the measurements with the computations is good and the
evolution of the U velocity profiles is well predicted, except
near the symmetry axis for the z/D = 20 and 50 stations,
where the measurements are consistently below both sets
of computations. The results obtained with the modified
model are lower than the standard model near the symmetry
axis and are higher than the standard model near the wall for
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Fig.l Schematic of swirling flow in a pipe.
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Fig. 3 Mean tangential velocity profiles.

z/D = 5.1, 20, and 50. This effect is reversed for the profiles
at z/D = 100 and 150. It is clear that the measured, fully
developed profiles at z/D = 100 and 150 are in excellent
agreement with the modified model predictions. The U veloc-
ity profiles for a smaller swirl number, S =0.5, which was
also investigated, were found to be very similar to the develop-
ing pipe flow with no swirl.

The decay of the tangential velocity is presented in Fig. 3.
The measurements show that the locus of the maximum W
velocity starts close to the wall at the inlet plane and then
moves toward the symmetry axis further downstream, whereas
the computations based on the two turbulence models main-
tain this locus at a pipe radius of about 0.15 from the wall. In
general, the predictions based on the modified turbulence
model show slower decay of the W profiles as compared with
the results obtained using the standard model. At the same
time, both sets of computations show slow decay of swirl
when compared with the measurements. Overall, both models
clearly exhibit a tendency to produce solid-body rotation,
which is indicative of excessive radial diffusive transport.

Figure 4 illustrates profiles of the turbulence kinetic energy
(nondimensionalized by U?9 where UT is the friction velocity
evaluated at z/D = 160) for S = 1.445. Even though the case
with S = 0.5 is not presented, the conclusions pertaining to it
are also discussed here. The computations are compared with
measurements at four stations (z/D = 5.1, 10, 50, and 150).
The experimental inlet conditions (z/D =0.35) are also in-
cluded in Fig. 4. For the two swirl numbers investigated
(S = 0.5 and 1.445), the modified turbulence model consis-
tently gives profiles below those predicted using the the stan-
dard k-e model. The comparison of the experimental results
with both sets of computations Avas good for the low swirl
number (5 = 0.5). On the;other hand, the agreement deterio-
rates for the higher swirl number (S = 1.445), which is also
shown in Fig. 4. This is clearly evident at the z/D = 50 station,
close to the symmetry axis. Similar findings are well docu-
mented for swirling flows, where nonisotropic effects are pre-
sent and turbulence models based on an isotropic eddy viscos-
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Fig. 4 Profiles of turbulent kinetic energy.

ity are not capable of resolving such complex phenomena. It
was observed3 that the modified k-e model gives dissipation
levels higher than those obtained with the standard k-e model,
primarily due to the enhancement of the source term in the e
equation (alteration of C2).

Conclusions
1) The trends and extent of the decaying tangential velocity

in turbulent pipe flow are well predicted by the standard k-e
model. The modified turbulence model results in slower decay
as compared with the standard model, with no substantial
improvement. Both models tend to produce solid-body rota-
tion.

2) The comparison of the measured and computed turbu-
lence kinetic energy profiles is very good for the low swirl
number (S = 0.5), whereas the agreement deteriorates for the
higher swirl number (S = 1.445).
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Boundary Layers
for the Conical

Navier-Stokes Equations

Formulation
We consider the simplest case, i.e., viscous axisymmetric

supersonic flow past a circular cone (Fig. 1). In general, the
flow variables depend on the polar coordinates r and 6. Vis-
cous effects prevail within the boundary layer along the cone
surface (0 = 0C), in the very thin structure of the shock wave,
and in the nose region where r is sufficiently small. In the
inviscid region between the boundary layer and the shock, the
flow is truly conical, and here the flow variables are functions
of 6 only.

For the conical N-S equations, it is assumed that the flow
variables for the viscous problem also depend on 0 only, or,
more precisely, that their derivatives with respect to r can be
ignored. This is essentially an irrational approximation be-
cause the r derivatives of the dependent variables are omitted
arbitrarily. The coordinate r still remains in the viscous prob-
lem by virtue of the metric scale factors, but it appears only as
a parameter and not as a participant in the differentiation on
the dependent variables. For the axisymmetric flow case,
therefore, only ordinary differential equations involving the
polar angle 6 occur.

To set up the problem, we denote the r and 6 components of
velocity by u and v and assume that the pressure/?, density p,
and temperature T are governed by a thermally and calorically
perfect gas. Furthermore, we assume that the solution to the
associated inviscid problem is known, and we denote the vari-
ables for the inviscid solution evaluated at the cone surface 0C
by the subscript e. We shall use these inviscid values to nor-
malize the viscous-flow variables. Thus we introduce the fol-
lowing normalized variables:
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Introduction

T HE so-called conical Navier-Stokes (N-S) equations are a
simplified set of equations that greatly reduce the com-

plexity of numerical computations.1 The equations are appro-
priate for studying viscous flows that have truly conical invis-
cid-flow counterparts, such as supersonic flows past cones and
delta wings. They are also useful for generating starting solu-
tions for more complicated parabolized Navier-Stokes compu-
tation schemes. Some of the earliest computations were under-
taken by McRae2 and Bluford,3'4 and current studies also
utilize the conical-flow approximation.5'6 These results show
overall good agreement with experimental results and other
more complicated numerical schemes. However, it has been
noticed that, especially for the thick viscous layers on the
leeward side of inclined cones, the conical-approximation re-
sults show somewhat thinner boundary layers than indicated
by experiment.2 These discrepancies were attributed to non-
conical nose effects associated with the experiments. How-
ever, it can be shown for axisymmetric flow that at least the
conical N-S equations produce thinner boundary layers than
the complete N-S counterparts. Thus it is a shortcoming of the
conical N-S equations themselves that their associated
boundary layers are too thin. It is the purpose of this Note to
demonstrate these results for the simple case of axisymmetric
flow.
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(1)

Here /x and X are the first and second coefficients of viscosity.
To complete the normalization process, we need the nondi-
mensional parameters

He
peuer

- Pe=

(2a)

(2b)

(2c)

(2d)

where cp is the constant-pressure specific heat and k the ther-
mal conductivity. We identify e as an inverse characteristic
Reynolds number and Pr as the Prandtl number (assumed

shock

viscous
regions

Fig. 1 Schematic for axisymmetric flow past a cone.


